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Vibrational Control of Underactuated Mechanical Systems:
Control Design Through Averaging Analysis

Keum-Shik Hong*, Kang-Ryeol Lee** and Kyo-Il Lee***
(Received January 26, 1998)

An open loop vibrational control for an underactuated mechanical system with amplitude and
frequency modulation is investigated. Since there is no direct external input to an unactuated
joint, the dynamic coupling between the actuated and unactuated joint is utilized for controlling
the unactuated joint. Feedback linearization has been performed to fully incorporate the known
nonlinearities of the underactuated system considered. The actuated joints are firstly positioned
to their desired locations, and then periodic oscillatory inputs are applied to the actuated joints
to move the remaining unactuated joints to their target positions. The amplitudes and fre-
quencies of the vibrations introduced are determined through averaging analysis. A systematic
way of obtaining an averaged system for the underactuated system via a coordinate transforma-
tion is developed. A manipulator in the zero gravity space can be vibrationally controlled in the
event of actuator failure. A control design example of the 2R planar manipulator with a free

joint with no brake is provided.
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1. Introduction

An underactuated mechanical system refers to
the system with fewer number of actuators than
the degrees of freedom that the system possesses.
Therefore, manipulators with passive or free
joints become naturally underactuated systems
since the number of control inputs is smaller than
the number of generalized coordinates or the
dimension of the configuration space. Recently,
control of underactuated systems draws great
attention to reduce the number of actuators and/
or sensors, and to improve the reliability by a
fault-tolerant design of fully-actuated manipula-
tors working in hazardous areas or with danger-
ous materials. It is particularly important to con-
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trol the failed joints of the space robots working
in outer space. Referring that an active joint is the
one which is fully controlled via an actuator, and
that a passive joint is the one which has no
actuation but equipped with a passive element
like a brake, and that a free joint is the one which
can move freely, the underactuated systems are
defined as those with passive and/or free joints.

Control of the unactuated parts of underactuat-
ed mechanical systems is in general achieved by
utilizing either kinematic or dynamic couplings.
Examples of the kinematic coupling are provided
by first order nonholonomic systems such as
wheeled mobile robots and dextrous robot hands
(Murray et al., 1994). The equations of these
systems are drift-free with input entering linearly
as

q
t=2a(x) u
where each g; R?-— R? is assumed to be a
smooth vector field, each input y;, is a piecewise
analytic function of time, and g < p is assumed in
general, where p and ¢ denote the dimension of
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the vector space considered and the number of
inputs, respectively. The second class of systems
characterized by dynamic coupling is provided by
numerous examples; a crane system, the classical
cart-pole system, the Acrobot, and the manipula-
tors with flexible elements, The equations of the
second class involves a drift term accounting for
gravitational, centripetal, Coriolis, and/or elastic
forces with inputs entering affinely as

=1 (@) + B0 w

where the first term f(x): R?— R? is called a
“drift” term because in the absence of control
input, the motion drifts in the direction of the
vector field f.

The class of underactuated systems considered
in this paper belongs to the second class. It is also
noted that underactuation does not always imply
uncontrollability. The controllability depends on
the structure of the system considered. All the
examples in the above are controllable. However,
in the case of the planar 2R manipulator in
section 4 all linearized equations at any operating
points are not controllable.

The underactuated system with passive joints
has been investigated by several researchers. Arai
and Tachi (1991) proved that the number of
active joints must be equal or greater than the
number of passive ones in order to control the
passive ones. They also developed a Cartesian
space controller to bring all joints to their desired
set points (Arai et al., 1993). Saito et al. (1994)
developed a two link underactuated brachiation
robot which is capable of moving along crossbars
using only one actuator. Bergerman and Xu
(1996) investigated a variable structure control
for three link manipulator with one passive joint
in both joint and Cartesian spaces. One control
strategy for underactuated systems with passive
joints is to move the passive joints to set points
first and lock them with brakes, and then control
the remaining active parts. Compared with the
works for the systems with passive joints, controls
of the systems with free joints are rare.

Recently, scholastic papers which applied peri-
odic oscillations to control the manipulators with

free joints have appeared (Suzuki et al., 1996;
Suzuki and Nakamura, 1997). Note that the
active joint variables appearing in the unactuated
joints dynamics can be considered as varying
system parameters. Therefore, the periodic move-
ment of an active joint provides a parametric
vibrational control to the dynamics of unactuated
joints. Suzuki et al. (1996) and Suzuki and
Nakamura (1997) investigated an oscillatory
control based on Poincare map analysis. De Luca
et al. (1997) also investigated a constructive open
loop control which involves nilpotent approxima-
tion and iterative steps.

Vibrational control is a control technique
which utilizes high frequency zero mean vibra-
tions to modify the behavior of dynamical systems
in a desired manner. Motivated by the stabiliza-
tion of an inverted pendulum by a fast vertical
oscillation of the support point, the vibrational
control theory for linear finite dimensional sys-
tems was rigorously introduced in (Meerkov,
1980). The theory for nonlinear systems had been
matured in the middle of 1980’s by Bellman et al.,
(1986a, 1986b). The theory has also been
extended to the parabolic partial differential
equations (Bentsman and Hong, 1991; Bentsman
and Hong, 1993) and functional differential equa-
tions (Bentsman et al., 1991; Lehman et al., 1994;
Lehman and Shujaee, 1994; Shujaee and Lehman,
1997).

In this paper, a prescribed end point steering
problem for underactuated systems with unactuat-
ed joints via partial feedback linearization and
vibrational control is investigated. The control
design consists of two stages. The first stage
linearizes the system partially, and applies a
proper control to drive the active joints to their
desired locations. At the end of first stage the
positions of unactuated joints will be arbitrary.
Then periodic inputs to the active joints are
applied to move the remaining free joints to their
desired positions via dynamic coupling. Proper
magnitudes and frequencies for the oscillatory
inputs are determined through averaging analysis.

The contributions of the paper are as follows:
The paper is the first investigation of vibrational
control to underactuated systems. Averaging anal-
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ysis is extended to the system with the derivatives
and anti-derivatives of vibrations. A systematic
way of obtaining averaged systems for under-
actuated systems is developed. The control strat-
egy in this paper provides a viable tool in the case
that the conventional control scheme is not avail-
able and/or actuator failure occurs. The class of
systems considered in this paper allows a drift
term and assumes free joints with no brake., A
manipulator in outer space with a failed joint
may be vibrationally controlled. The utilization
of multiple magnitudes and frequencies of vi-
brational inputs is proposed.

This paper is divided into four sections. In
Section 2, the equations of motion and partial
linearization of underactuated systems are for-
mulated. In Section 3, the vibrational control is
investigated. Vibrations are introduced to an
actuated joint for the purpose of invoking the
dynamic coupling. An averaged system is
obtained. In Section 4, as an application, a planar
2R manipulator is vibrationally controlled. An
averaged system is also demonstrated. Conclu-
sions are given in Section 5.

2. Control Problem

Consider a % degrees of freedom open loop
mechanism with joint variables g,
assumed that each joint has a single degree of
freedom and only s < % joints are active and the
remaining /=% —m joints are unactuated. It is
assumed that all joint variables, either actuated or
unactuated, can be measured.

ey qu Tt s

Using the Lagrange method, one can derive the
equations of motion of the system, and rearrange
the equations so that the coordinates for actuated
joints are grouped in g, ™ and the coordinates
for unactuated joints are grouped in ¢.& R
Hence the final form of the equations of motion
for an underactuated mechanical system is re-
presented as

Mugn-+Meig:+Cly, §)+Glg)=f (1)
M21('7'1+M22L'I'2+C2(q, d)‘f’Gz((Z):O (2)

where the vector functions Cy (g, ¢) € R™ and C;
(g, ¢)e=R' contain Coriolis and centripetal

terms, the vector functions G,(g) =ER™ and (
{g) € R* contain gravitational terms, f& R™ rep-
resents the input generalized force produced by
the s actuators at the active joints. Hence,
similiar to an ordinary robot, the dynamic equa-
tions for an underactuated system can be written
as

M@ §+Clg ¢)+Cle)=Bf (3)

where
- Mll M12:|
=y T =
a=[qf, ¢f], M(q) [Mz] I
B:[é’“"’} c=[Cl. ¢ G=[GF. GI*
lxm

Note that M is a symmetric positive definite
matrix.

Now consider equation (2). The term M, is an
invertible /x/ matrix as a consequence of the
uniform positive definiteness of the inertia matrix
M in (3). Therefore, we may solve for §, as

Go=— Mz (Mo §1+ C+ Ga) - (4)
Substituting (4) into (1) yields
Mui]‘l-}- Ci+Gi=/f (%)

where My = M, — MioMs' My, Ci= Ci— MMz
Ce. and Gy= G — Mi2Mz' G- A partial feedback
linearizing controller can therefore be defined for
equation (5) according to

f:M11u+C1+ G}
where ¢y = R™ is an additional control input yet
to be defined. Note that the s X s matrix M, is

itself symmetric and positive definite. The com-
plete system up to this point may be written as

dr1=u (6)
Ma(q) g2+ Colg, §)+Galg)=—Mulg)u (7)
Since the input-output relation from g to g, in
(6) is linear, the active part ¢,—dynamics has been
completely linearized. However, considering the
full state vector 4 only partial linearization has
been achieved.

3. Vibrational Control and Averaging

Vibrational control is a control technique
which utilizes the high frequency zero mean
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vibrations in the system to modify the behavior of
the dynamical system in a desired manner. The
parameters in which vibrations are introduced
could be either system parameters or control
input.

The method of averaging is an asymptotic
method which permits the analysis of dynamic
behavior of a time-varying system via a time
-invariant (averaged) system, which is obtained
by averaging of the right hand side of the original
time-varying system. In this paper once all the
active joints reach their desired set points, peri-
odic inputs are applied to the active joints for the
purpose of moving the remaining unactuated
joints to their target positions via the dynamic
coupling. Since the input is periodic, each active
joint returns back to its original position in each
period. The design issu¢ now becomes how to
move the unactuated joints to their set positions.
Since the system becomes time-varying, the input
magnitudes and frequencies are
through the trajectory analysis of an averaged

calcutable

system.

Define state variables as x=[g; ¢.]T<R" in
which =2/, Then the state equation for (7)
becomes

Xz
2= =Mz (x1 @) {Ce(x1 20 qus §1)
+GZ(X1a lll) + Mo (xh (]1) (']'1}
X x5 dv @) (8a)
=X D (8b)

where X: R"— R" In (8a) ¢, ¢, and 4, are
considered as system parameters. In (8b) A is
introduced in order to emphasize one selective
parameter in which vibrations are introduced. It
is remarked that only a subset of {g,, ¢, §:} may
appear in (8a) depending on the structure of the
underactuated systems considered. A is taken as
the second highest term among {q, ¢1, &1} For
example, if g, and ¢, appear in (8a), then 1=g¢,.
Assuming that all ¢, §,, ¢, exist in (8a) intro-
duce an oscillatory input into (8b) as follows

A = (D) = At 7 (8),

where

y(t) =af (wi) ®

In(9), A is a constant, and y(¢) is a zero mean
periodic function in which ¢ and ¢ are amplitude
and frequency, respectively, The following rela-
tions hold

1= awf (wt), and QIZ%F(w[) (10)

where f* and [ are the derivative and anti-deriv-
ative of £, respectively. Substituting (9) and (10)
into (8) yields

|

—Mz_zl(xwg)'F(wt){Cz(xhxz,%F(cut),

af (1) +Galxr S F ()

+awM (a0, %F(a)t))f'(wt)} i
(an

It is now assumed that (11) can be decomposed
into two parts as follows;

£ =Xolx: 0b o) +oXi(r, wh.  (12)

The second term consists of the terms which
involves the derivatives of A(#). Now, the second
term is utilized as the generating equation which
transforms (12) into a standard form as follows;

E=Xi(& 1) (13)

Let (¢, ¢): RX R"— R be the general solution

of (13) which is T-periodic. Note that c< R” can

be uniquely defined once initial conditions & (4)
EQC R are provided.

Introduce a new variable ¢ (¢) as follows; (the
Lyapunov substitution)

x(8)y=h(wt, q(1)). (14)

Differentiating both sides of (14) with respect to
¢, the following is obtained

g (1) :[Maﬂgg‘l (I)L} Xo(n(wt,

2(1) ot ). (15)

In slow time scale such that r==g¢ with z(7) =¢
(t) and ge=1/w, the following standard form is
obtained.
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£ 0= e ] s e, o,

7, €) (16)

All the above derivation is now summarized in
the following theorem.

Theorem 1: Consider an underactuated system
(8) with the assumption (12). Then, there exists
a transformation iz R* X R*— R” under which
the system is transformed into the following stan-
dard form

Z2=¢f(z t ¢ (17)

where z S S R™, 0< ek, /i R*"XRXR*isT
-periodic. m
Finally, an averaged system is defined as

y=eY(y) (18)
where
?wﬂi}fﬂ%nmw (19)
Tf [ah(fa y):' Xo(h(fy y),
. 0) dr

By applying the theory of averaging, it is known
that there exists g, >0 such that for all 0< e< g,
the hyperbolic stability properties of (17) and
(18) are the same.

Theorem 2 (The Averaging Theorem, Gucken-
heimer and Holmes (1983), p. 167): There exists
a C7, »x2, transformation of coordinates z=y
+ew (v, t, €) under which (17) becomes

y=ef (y) +h(y th &),

where £, is of period 7' in . Moreover

(1) If z(#) and y () are solutions of (17) and
(18) based at z, y,, respectively, at /=0, and |z
—y|=0{(g), then |z(#) ~v(£)|=0(e) on the
time scale ¢~ 1/¢.

(ii) It gy, is a hyperbolic fixed point of (18)
then there exists g,>>0 such that, for all 0< g < g,
(17) possesses a unique hyperbolic periodic orbit
ye (1) =po+ O(g) of the same stability type as p,.

(iit) If 25(¢) & W3(y.) is a solution of (17)
lying in the stable manifold of the hyperbolic
periodic orbit y.=py+ (O (&), y€W*(po) Is a
solution of (18) lying in the stable manifold of
the hyperbolic fixed point p, and |25(0) — v*(0) |

4]

=0(e), then [2°(f) —y°(1)|=0(e) for (&
[0, co). Similar results apply to solutions lying in
the unstable manifolds on the time interval &
(—o0,0]. =

4. Application

In this section, an example of underactuated
mechanical system with free joint: a planar 2R
manipulator is introduced. In the case of 2R
manipulator linear control theory is not appli-
cable since the linearized system at any operating
point is not controllable.

4.1 A planar 2R manipulator

Figure 1 shows a planar 2R manipulator on the
horizontal plane. Using the Lagrange equation,
the following equations of motion are obtained.

M (62 4:9:1+M12(02) 93'*‘ Ci (6 19:1= 02) =T
M2 (o) 01+ Moz (82) Got Coboy 61, 6,) =0

where

My (6 = mnlfe+ malf + malf+ 2maloclicos 6,
+h+ 1

M (62) = ma B2+ masaly cOSGot I,

Me=ml5+ L,

Cills B 0) =— mabochisinG, (2 6y G+ 0F).

Ce(br 01 62) =2yl GisingG.
Note that the gravity term does not appear in the
equations, and check that the linearized system at
an operating point (4, 02, b1, 62) = (6 G) is not
controllable.

Following the procedure in Sec. 2, the follow-

ing partially linearized system is obtained

Fig. 1 A planar 2R free-joint manipulator.
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€-1: u (20a)

=~ (1+ncosf) G,—n( ) *ing, (20b)

where w=mh e/ (m2lfo+ 1) is a constant. Now

assume that the active joint g, has been positioned
at its desired location with an appropriate control
action. For instance,

U= 9.1.1‘{" ki ( éld_ 61) +k2(61d_81)

would suffice. Now restricting our control task to
the second equation, @, and 4 become varying
parameters in the 4, dynamics. Define the state
variables as x,= (b x,= §,. Then the state equa-
tion becomes

X1=X2 X1 (0) =X10
%2=— (1+nC08x;) G1—nsinx, (1)
X2 (0) = X20 (2 1)

Introduce vibrations (9) in Sec. 3 as follows;
ALy =0,(t) =asingt (22a)
Then, the following also holds

6ty = —%Coscut, and §)(t) =awcoswt

(22b)
Substituting (22a, b) into (21) yields
[J&x]z[ Xz ]
X2 — nsing {@sinuwt)®
0
. (23
+w[—a008wt(l+ncosx1)] 23)

Note that (23) is in the form of (12). Therefore
the generating equation of (13) takes the form

[gjz[—acost(l(:_ nCOS&)]‘ (24)

A general solution of (24) is

I (¢, c)]

h(t, c) =|:h2(l‘, c)

=[ “ . ] (25)
ca—a (1 + neoscy) sing

A coordinate transformation through (25) is
defined as

x1(8) _ q:(8) 4
[xz(f)}_[ﬁh(t) —a(l +ncosq1(t))sint:|' (26)

Therefore, under (26) (15) takes the form

G1(t) =g—a(l +ncosg)sinwt, ¢:(0) =x10
G2(t) = nasingsinwt (— g2+ nacosqsinywt)

qz (0) =xw (27)

In slow time r=uw¢ with ¢(¢) =z(r), and =1/
w., the following standard form is obtained

2:(0) =¢elz— (1 +ncosz)sinr],

1 (0) =X10 (28)
22(1) =enasingsing (— z+ nacoszsing),
2 (0) =Xz20

Finally, by applying the definition of averaging,
Eq. (19), the following averaged system is
obtained.

Y= eya 11(0) =x10 (29)

2
3'/2=E#Si"2yn yz(O) = Xazp

It is noted that the initial conditions of averaged
systems are not in general the same as those of
original system.

42 Control design

Figure 2 shows trajectories of transformed sys-
tem (27) with =05 @=4x departing from
various initial states. Figure 3 shows a phase
portrait of (29). Comparing Fig. 2 with Fig. 3, it
is observed that the behavior of transformed
system (27) is well described by that of the
averaged system (29). Figure 4 shows the trajec-
tories of the averaged system with different 's. It
is observed that an arbitrary state can be reached
by modulating . It is also noted that changing @
does not influence the averaged behavior. How-
ever, by increasing @ the amplitude of & (¢) in
(22b) gets smaller and Poincare map gets dense.
Therefore, more can be
achieved by increasing .

precise movement

9 rad

Fig. 2 Trajectories of transformed system (27) with
a=0.5, g=4r.
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0

¥ rod

Fig. 3 Phuase portrait of averaged system (29) with ¢
=0.5, w=4r.

/nec
rad! o5

oaf
03pen-
02f=--
OAfp-~
Ya 0
01p-----
02f--
-D3pe-
o4f--
05feanen

V] 0‘6 1 |:5 é 2j5 ;
Y1 rad
Fig. 4 Trajectories of averaged system (29) with
various ¢'s {@w=47).

Let (v, v,) be a present state and (vi4, vqq) be
a desired state. From (29) the following relation-
ship holds
2 2.2
2 oyt yt="f oSyt vk (30)
Therefore, the amplitude of the vibrations to be
introduced is calculated as follows:

D (vt
az\/nz (yl _.VZd) (31)

(cosyyy —00Sy,)

Due to the flow of system (29) positioning prob-
lems may slightly differ depending on initial and
target positions. Four control strategies are sket-
ched in Fig. 5. Specifically, consider a positioning
problem from the initial state (0.5, 0) to the
desired state (1.0, 0) which corresponds to the
case of Fig. 5(a). One can provide vibrations
with frequency @ and amplitude g to the active
joint 4. When @, reaches x/2, the input ampli-
tude in the second quarter is switched from ¢ to
tmax O the purpose of reducing time to travel. If
0, begins to decrease, which corresponds to the

Fi
L S
L
Yi
(a) Pattern #1
AN
Y2
1 ’s
F 4
- /2
g hg
(b) Pattern #2
| I
M 'l i i
| | |
» ! i ;
|
1 % i Chnax
]
i

i T
I i
| |
a2 x
i i
I |
i !

(¢) Pattern #3

(d) Pattern #4

Fig. 5 Control strategies.
(x : Initial state, (O : Desired state)

point that the averaged trajectory crosses the
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Table 1 Control patterns based upon initial and
desired positions.

L e [ Eon || O
0.5 | # #2 #3 #4
[3om | # 41 14 #
ESN T #o | ow 2
PE x| 43 # 417

1} 7 denotes patterns in which initial and desired
positions are reversed.
2) G,(0) = {,,=0 are assumed.

horizontal axis, the amplitude is switched again
to @z which is supposed to be smaller than .
Finally, when & becomes 7/2, we now enter the
last cruising quarter to the target position. The
amplitudes in the last quarter are continuously
modulated according to law (31) in each oscilla-
tion. The above is summarized as pattern #1
helow. Control algorithms according to various
initial and desired states are summarized in Table
1.
Pattern #1
(1) Set g=g and w=aw;. (In Fig. 6 =05
and y,=4z are used.)
(2) If 4,(¢) becomes 7/2, then switch o= ginax-
(In Fig, 6 @uax=0.7 is used.)
(3) If 8,(¢) becomes less than its previous
value, then switch g=¢y, where @< @
(4) If 6,(4) becomes x/2, then change ¢ se-
quentially in each step according to (31).
(5) Finally, if |6;(#) 64 < 8, then switch @=
we (In Fig. 6 ,=87 is used.)
Pattern #2
(1) Set o=@ and w=w.
(2) If 4,(¢) becomes g/2, then change g se-
quentially in each step according to (31).
(3) Finally, if |4.(¢) 84 < 8. then switch @=
Wz-
Pattern #3
(1) Set g=a and w=q,.
(2) If 6,(#) becomes 7/2, then choose m<la

radraec 04
03

02

qz
i}
01
-02
08
Fig. 6 Positioning from initial angle #=0.5 rad to
terminal angle §=1.0 rad via Pattern #1
(01=0.5, tnax=1, =0, o,=4x, w:=87).
rad T ]

Fig. 7 The motions of the free joint with vibrational
controls:
1) Upper plot (1.0, 0) — (2.5, 0)

2) Lower plot (0.5, 0) - (1.0, 0)

242 ‘o
20 oy where g (7, 0) is

(7, 0)=
the magnitude of vibrations whose averaged
trajectory passes through (7, 0).

(3) If g(¢) becomes 37/2, then switch g=
COmax-

(4 If B6,(¢) becomes less than its previous
value, then switch g= @, where @< a.

(5) If @,(#) becomes 37/2, then change ¢
sequentially in each step according to (31).

(6) Finally, if |&(¢) 04| < 8, then switch =
We-

Pattern $#4

(1), (2) are the same as Pattern #3.

(3) If 4.(¢) becomes 37/2, then change o
sequentially in each step according to (31).

(4) Finally, if |G(¢) 84{ < &, then switch g==
W3-

Finally, it is noted that the first link needs to be
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Fig. 8 The oscillating motion of the first joint for
the second case of Fig. 7, i.e.
(0.5, 0) ~» (1.0, 0)

stopped at the exact period of input in order to
keep it at its desired position. It is also noted that
once the free link crosses over its target position,
there is no return and it has to go all the way
around again. Therefore, just before getting to the
target position the input frequency needs to be
increased. A precise ending is shown in Fig. 6 at
the last stage of control.

5. Conclusions

Open loop vibrational control for underactual-
ed mechanical systems was investigated. An
important example of this class is the system with
failed actuators. The control strategy to move an
unactuated joint in this paper is to utilize the
dynamic coupling between the actuated and
unactuated parts, which occurs when oscillating
the actuated joint. With the vibrations introduced,
the whole system becomes time-varying. Hence,
the stability analysis of the time- varying system is
carried out through the averaging analysis. The
averaging method was extended to the system
with the derivatives and anti-derivatives of the

vibrations introduced. A systematic way of

obtaining averaged systems via the generating -

equations for underactuated systems was devel-
oped for the first time. To illustrate the design
procedure, a 2R planar manipulator with a free
joint was demonstrated. The calculation proce-
dure of the amplitudes and frequencies of vibra-
tions was demonstrated. In the zero gravity outer
space the manipulator with a failed joinl can be

controlled in this approach. The control strategy
in this paper provides a viable tool when the
conventional control scheme is not applicable
and/or actuator failure occurs.
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